ABSTRACT. It has long been known that measurability questions in Wiener space and Yeh-Wiener space are often rather delicate. Some converse measurability theorems in Wiener and Yeh-Wiener spaces were proved by Köehler, Skoug, and the first author.
and tf= (£!,&,...,£") €R".
In an unpublished result Köehler established the converse, i.e., if J 1iE) is Wiener measurable then E is Lebesgue measurable. In [5] , Skoug extended Kóeh-ler's result to Yeh-Wiener space and established the converse of the one line theorem in [1] . In [2] , the first author extended Skoug's result to the n-parallel lines theorem in [1] . Later the proof of the converse of the n-parallel lines theorem was simplified [3] .
In this paper, we establish a generalized converse measurability theorem which has the above converse measurability theorems as corollaries. The techniques used in this paper are quite different from the techniques used in [2, 3, and 5].
2. A generalized converse measurability theorem. A probability measure P on a CT-algebra S* containing the Borel sets in a topological space is called tight if for any e > 0 and for any E in S? there exists a compact set K C E such that PiF\K) < e. It is known that any probability measure on the Borel class of a complete separable metric space is tight [4] .
Let P be a tight measure on ¿$iS) and let m be a measure on ^(T) where 38 iS) and ^(T)
are the Borel classes of topological spaces 5 and T, respectively. Let iS,W(S),P) and (T,38(T),m) be the completions of jS,â$jS),P) and (T,âS(T),m), respectively. It is easy to see that P is tight on ^(S). Let J: S -* T be continuous and let W =_{E c T: J'1(E) is P-measurable}. Define a set function p on ^ by \iE = P(J-xiE))
where E G %. % is a oalgebra which contains the Borel sets in T as is easily checked and (T, %f, p) is a complete tight measure space. To see that p is tight on %, let E be p-measurable. Then for each positive integer n, there exists a compact subset Kn of J-1(7£) such that P(J-1(7í)\7ín) < 1/n. Put Gn = \J^1Ki, Then PiJ-^E^Cn) < 1/n.
Since Cn is compact, JiCn) is compact and ß(E\J(Cn)) = TV-1 (£V(<?"))) < PiJ-'iE^Cn) < 1/n.
Hence p is tight on 1¿. PROOF. It is easy to see that âS(T) C ^. To show that 1¿ C 3S(T), let E G %. Since p is tight, there exists a compact set Kn such that Kn C E and piE\Kn) < 1/n for each n = 1,2,.... Let K = \J™=1 Kn. Then A is a Borel set and K C E. Since p(E\K) < niE\Kn) < 1/n for each n = 1,2,.. .,fi(E\K) = 0.
By assumption, E\K is an m-null set. Then E = K U iE\K) is m-measurable and so W C mx). PROOF. By Lemma 2.1, it suffices to show that if A is a p-null set then A is an m-null set. Now we assume that A is a p-null set and it is not an m-null set. We consider two cases: (1) A is m-measurable, (2) A is not m-measurable.
If A is m-measurable, then there exists a Borel set B C A such that mBmN > 0. Since p,B = fB g(t)dm(t) > 0, p*A > 0 where p» is the inner measure of p. Since pA = p» A, pA > 0 which is a contradiction.
If A is not m-measurable, i.e., A ^ ¿@(T), then mB > 0 for every Borel set B D A. Then p,B > 0 for any Borel set B D N. Since p is tight, there exists a compact set Kn C Nc such that p(Ac\An) < 1/n for each n. Let K = U^Li A". Then Kc is a Borel set and A c Kc.
p(Ac) = 1 -p(A) = p(Ac) -p(A) < p(Ac\A) < fj,(Nc\Kn) < 1/n for each n.
Hence p(Ac) = 0. This contradicts the fact that ptB > 0 for any Borel set B D A. Therefore we conclude that every p-null set is also an m-null set.
3. Converse measurability theorems. (4) \(J~1(E))= f g&d-tit:) Je for any Lebesgue measurable set E in Rmn, where 7 is Lebesgue measure on Rmn,
and tf= (£1,1,6,2, • • •, Un) € R™.
We will omit the proof of Theorem 3.2 below since it is similar to the proof given above for Theorem 3.1. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
